Abstract. By improving Algorithm 5.1 of [Math. Comp. 86 (2017), 2519-2534], we enumerate left braces and skew left braces of orders upto 511 with some exceptions.
Introduction
A multiplicatively written group G, with multiplicative structure on G given by (g 1 , g 2 ) → g 1 .g 2 , is said to be a skew left brace if it admits an additional group structure given by (g 1 , g 2 ) → g 1 • g 2 satisfying (1.1)
1 .(g 1 • g 3 ) for all g 1 , g 2 , g 3 ∈ G, where g
denotes the multiplicative inverse of g 1 . We call (G, .) the primary group and (G, •) the secondary group of the skew left brace G. A skew left brace G is said to be a left brace if G is an abelian groups under multiplicative structure. The concept of left braces was introduced by Rump [16] in 2007 in connection with non-degenerate involutive set theoretic solutions of the quantum Yang-Baxter equations. Thereafter the subject received a tremendous attention of the mathematical community; see [2, 4, 17, 18] and the references therein. Interest in the study of set theoretic solutions of the quantum Yang-Baxter equations was intrigued by the paper [9] of Drinfeld, published in 1992.
Let X be an arbitrary set and R : X × X → X × X a bijective map. Recall that the pair (X, R) is said to be a set theoretic solution of the Yang-Baxter equation if
holds in the set of all maps from X × X × X to itself, where R ij is just R acting on the ith and jth components of X × X × X and identity on the remaining one. Let us write R(x, y) = σ x (y), τ y (x) , x, y ∈ X with σ x and τ y component maps from X to itself.
A solution (X, R) is said to be non-degenerate if the component maps σ x and τ y are bijections on X for all x, y ∈ X. It is said to be involutive if (τ ′ • R) 2 is the identity map, where τ ′ : X × X → X × X is the permutation map given by τ ′ (x, y) = (y, x) for all x, y ∈ X. The study of non-degenerate set theoretic solutions of the the quantum YangBaxter equations has been extensively taken up, e. g., [5, 8, 11, 14, 19] to mention a few.
The concept of skew left brace was introduced by Guarnieri and Vendramin [13] in 2017 in connection with non-involutive non-degenerate set theoretic solutions of the quantum Yang-Baxter equations. They invented an algorithm, by generalising a result of Bachiller [1] for computing all skew left braces of a given order. They themselves computed left braces and skew left braces of lot of groups upto order 120. Vendramin [20] extended the number upto 168 with some exceptions. All these computations are done using computer algebra systems MAGMA [3] and GAP [12] using the algorithm invented in [13] . For more work on skew braces see [6, 7, 15] .
This article aims at filling up the gaps in the table produced in [20] to some extent and making further computations for larger orders. An ingenious observation on regular subgroups of the holomorph of a given finite group allows us to improve the algorithm obtained in [13] , which substantially enhances the performance of MAGMA computation. The improved algorithm, actually, avoids an expensive calculation in the existing algorithm. We compute the number of non-isomorphic left braces and skew left braces of orders upto 511 except certain cases (mainly when the order is a multiple of 32). These results settle [20, Problem 13] and [13, Problem 6.1] . The computations will help in building a database of left braces and skew left braces, which in turn will greatly enrich the library of solutions of the quantum Yang-Baxter equation.
It is striking that there are more than a million skew brace structures of order 2 5 and more than 20 millions skew brace structures of order 3 5 . The reader will encounter many more surprises while going through the tables. We have used MAGMA on a computer with 3.5 GHz 6-Core Intel Xeon E5 processor and 64 GB memory for these computations.
Regular subgroups
Let G be a group, which acts on a set X. The action of an element g ∈ G on an element x ∈ X is denoted by x g . A subgroup H of G is said to be action-closed if for each pair (g, x) ∈ G × X, there exists an element h ∈ H such that x g = x h . Let G be a group and Symm(G) be the symmetric group on the set G. Recall that a subgroup G of Symm(G) is said to be regular if G-action on G is free and transitive. By a free action we here mean that for any element g ∈ G, its stabilizer in G is the trivial subgroup. Observe that when G is finite, any regular subgroup of Symm(G) is of order |G|.
For a group G, Hol(G) denotes the holomorph of G, which is defined as the semidirect product of G with Aut(G), the automorphism of G. So
where the product in Hol(G) is given by
Notice that Hol(G) acts on G transitively under the following action:
for all α ∈ Aut(G) and g, h ∈ G, where π 2 : Hol(G) → G is the projection map given by π 2 (α, g) = g. It follows that the stabilizer of any element of G in Hol(G) is isomorphic to Aut(G). Let G be a regular subgroup of Hol(G). Then it is not difficult to see that for each g ∈ G, there exists a unique element (α, h) ∈ G such that g (α,h) = hα(g) = 1. Let Reg(G) denote the set of all regular subgroups of Hol(G). Then Hol(G) acts on Reg(G) by conjugation. With this setting, we have the following easy observation, which plays a key role in what follows.
Lemma 2.1. Aut(G), as a subgroup of Hol(G), is action-closed with respect to the conjugation action of Hol(G) on Reg(G).
Proof. Let G ∈ Reg(G) and (α, h) ∈ Hol(G). Then there exists an element (
Let β := α 1 α, which lies in Aut(G). Thus,
Proof is now complete.
The preceding lemma enables us to get the following generalization of [13 
The triple (G, G, χ) yields a skew left brace structure over G with multiplicatiion given by
As remarked in [13] too, for enumerating skew left brace structures over G we only need first two step of this algorithm.
Computations
Throughout this section, for a given positive integer n, b(n) and s(n), respectively, denote the total number of left braces and skew left braces of order n. For each such n, pf (n) stands for the prime factorization of n. The following table remedy some gaps in the list obtained in [20] . Table 1 . Some missing values from [20] We now enumerate b(n) and s(n) for n ≤ 511 except some cases for which computations are too big to be handled by our computer. We have given a lower bound on the number of skew left braces of order 3 5 , by taking into account the primary groups with Group Id's [243, m], where m = 1, . . . , 31, 33, 37, 38, 48, 61, 67. By the Group Id we mean the group identification of a group of given order in The Small Groups Library [10] implemented in GAP and MAGMA. Table 7 . Time comparison on skew left braces of order 32 # Program was stopped after running more than a month without result.
